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Tutorial-7  B.Tech.  Semester-I   
Section A : Improper integrals, Beta & Gama function, and their properties 

Q1: Determine if each of the following integrals converge or diverge. If integral converges 
Determine its value 

1) ∫ (1 + 2𝑥)
ஶ

଴
𝑒ି௫𝑑𝑥                            2. ∫ (1 + 2𝑥)

଴

ି∞ 𝑒ି௫𝑑𝑥          [Hint: u =1+2x, v = −e−x] 

3) ∫
ଵ

ଵ଴ାଶ௫

ଵ

ିହ
𝑑𝑥                                                           Hint:  ∫

ଵ

ଵ଴ାଶ௫
𝑑𝑥 =

ଵ

ଶ
𝑙𝑛( 10 + 2𝑥) + 𝑐 

4) ∫
ସ௫

√௫మିସ
య

ଶ

ଵ
𝑑𝑥                                                        Hint:∫

ସ௫

√௫మିସ
య 𝑑𝑥 = 3(𝑥ଶ − 4)

మ

య + 𝑐 

5) ∫ √6 − 𝑥
ଵ

ିஶ
𝑑𝑥                                                           Hint: ∫ √6 − 𝑥 𝑑𝑥 = −

ଶ

ଷ
(6 − 𝑥)

య

మ + 𝑐 

6) ∫
ଽ

(ଵିଷ௫)ర

ஶ

ଶ
𝑑𝑥                                                        Hint: ∫

ଽ

(ଵିଷ௫)ర 𝑑𝑥 =
ଵ

(ଵିଷ௫)య + 𝑐 

7) ∫
௫

௫మିଽ

ସ

଴
𝑑𝑥                                                              Hint: ∫

௫

௫మିଽ
𝑑𝑥 =

ଵ

ଶ
𝑙𝑛( 𝑥ଶ − 9) + 𝑐 

8) ∫
଺௫య

(௫రାଵ)మ

ஶ

ିஶ
𝑑𝑥                                                       Hint:  ∫

଺௫య

(௫రାଵ)మ 𝑑𝑥 = −
ଷ

ଶ

ଵ

(௫రାଵ)
+ 𝑐 

9) ∫
ଵ

௫మା௫ି଺

ସ

ଵ
𝑑𝑥                                 Hint:  ∫

ଵ

(௫ାଷ) (௫ିଶ)
𝑑𝑥 =

ଵ

ହ
𝑙𝑛( 𝑥 − 2) −

ଵ

ହ
𝑙𝑛( 𝑥 + 3) + 𝑐 

10) ∫
௘

భ
ೣ

௫మ

଴

ିஶ
𝑑𝑥                                                                   Hint:  ∫

௘
భ
ೣ

௫మ 𝑑𝑥 = −𝑒
భ

ೣ + 𝑐                              

Answers: 1. CONVERGES, VALUE = 3           2, 3 . DIVERGES           4. CONVERGES, VALUE = 
(3)5/3              5. DIVERGES   6. CONVERGES, VALUE = 1/125 
7. DIVERGES                        8. CONVERGES, VALUE = 0   9. CONVERGES, VALUE = 1 
10. CONVERGES, VALUE = 1         
Beta & Gama function, and their properties 

11) Evaluate      ∫
ௗ௫

√ଵି௫ర

ଵ

଴
                                            ANS: √గ

ସ

Γ(ଵ/ଶ)

Γ(ଷ/ସ)
 

12) Prove that  Γ ቀ
ଵ

ଶ
ቁ = √𝜋. [Hint: In /2

0

1 1
 

2 2
2 Sin Cos

2
2

p q

p q

d
p q



  

 


  

, put p = q = 0]  

13) 𝐺𝑖𝑣𝑒𝑛𝑡ℎ𝑎𝑡 ∫
௫೙షభ

ଵା௫

∞
଴

𝑑𝑥 =
గ

௦௜௡ ௡గ
, 𝑡ℎ𝑒𝑛𝑠ℎ𝑜𝑤𝑡ℎ𝑎𝑡Γ(𝑛)Γ(1 − 𝑛) =

గ

௦௜௡(௡గ)
 

 

14) Show that  |𝑚 ቚ𝑚 +
ଵ

ଶ
= √గ

ଶమ೘షభ
|2𝑚 where m is the integer. 

15) Evaluate in term of Beta function. 
a) ∫

௫

√ଵି௫మ
𝑑𝑥

ଵ

଴
             [Hint: Put 𝑥ଶ = 𝑦]                        ANS: ଵ

ଶ
𝛽 ቀ1,

ଵ

ଶ
ቁ 

b) ∫
ௗ௫

√ଽି௫మ

ଷ

଴
              [Hint: Put 𝑥ଶ = 9𝑦]                        ANS: ଵ

ଶ
𝛽 ቀ

ଵ

ଶ
,

ଵ

ଶ
ቁ 

 
c) ∫

௫ௗ௫

ඥଵି௫ఱ

ଵ

଴
                    [Hint: Put 𝑥ହ = 𝑦  ]                   ANS: ଵ

ହ
𝛽 ቀ

ଶ

ହ
,

ଵ

ଶ
ቁ 

 

d) ∫
௫మௗ௫

ඥଵି௫ఱ

ଵ

଴
                     [Hint: Put 𝑥ହ = 𝑦  ]                    ANS: ଵ

ହ
𝛽 ቀ

ଷ

ହ
,

ଵ

ଶ
ቁ 

16)  Evaluate 

a) ∫ 𝑒ି௫మ∞
଴

𝑑𝑥       [Hint:|𝑛 = ∫ 𝑥௡ିଵ𝑒ି௫𝑑𝑥
∞

଴
 take n =ଵ

ଶ
]     ANS: √గ

ଶ
 

b) ∫ 𝑥ସ(1 − 𝑥)ଶଵ

଴
𝑑𝑥    [Hint:∫ 𝑥ସ(1 − 𝑥)ଶଵ

଴
𝑑𝑥 = 𝛽(5,3)  ]            ANS: ଵ

ଵ଴ହ
 

17) Evaluate 
a)∫ 𝑥(8 − 𝑥ଷ)ଵ/ଷଵ

଴
𝑑𝑥 [Hint: Put 𝑥ଷ = 8𝑦]                           ANS: ଵ଺

ଽ√ଷ
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b)∫ 𝑠𝑖𝑛ହ 𝜃 𝑐𝑜𝑠଻/ଶ
ഏ

మ
଴

𝜃𝑑𝜃 [Hint: put 2m-1 =5 and 2n-1 = ଻
ଶ
]         ANS: ଺ସ

ଵଽ଼ଽ
 

18) Prove that  

     𝛽(𝑚, 𝑛) =
Γ(௠)Γ(௡)

Γ(௠ା௡)
, 𝑚 > 0, 𝑛 > 0 [Hint: 𝐵(𝑙, 𝑚) = ∫ 𝑥௟ିଵ(1 − 𝑥)௠ିଵ𝑑𝑥

ଵ

଴
    

19) Show that 𝛽(𝑚, 𝑛) = ∫
௫೘షభା௫೙షభ

(ଵା௫)೘శ೙ 𝑑𝑥
ଵ

଴
.  

[Hint: 𝐵(𝑚, 𝑛) = ∫
௫೘షభ

(ଵା௫)೘శ೙

∞
଴

𝑑𝑥 = ∫
௫೘షభ

(ଵା௫)೘శ೙

ଵ

଴
𝑑𝑥 + ∫

௫೘షభ

(ଵା௫)೘శ೙

∞
ଵ

𝑑𝑥] 

Prove that (a) ∫ 𝑒ି௞௬𝑦௡ିଵ𝑑𝑦
∞

଴
=

|௡

௞೙  

[Hint: |𝑛 = ∫ 𝑥௡ିଵ𝑒ି௫𝑑𝑥
ஶ

଴
 , replace x by ky, so that dx = k dy, hence |𝑛 =

∫ (𝑘𝑦)௡ିଵ𝑒ି௞௬. 𝑘. 𝑑𝑦
∞

଴
 

|𝑛 = 𝑘௡ ∫ 𝑒ି௞ 𝑦௡ିଵ𝑑𝑦
∞

଴
] 

 (b) ቚଵ

ଶ
= √𝜋             [Hint: |𝑛 = ∫ 𝑥௡ିଵ𝑒ି௫𝑑𝑥

∞
଴

,replace xn by y, nxn-1 dx = dy  

then |𝑛 = ∫ 𝑦
೙షభ

೙ 𝑒ି௬
భ

೙
ௗ௬

௡௫೙షభ

∞
଴

 

 = ∫ 𝑦
೙షభ

೙ 𝑒ି௬
భ

೙
ௗ௬

௡௫
೙షభ

೙

=
ଵ

௡

∞
଴ ∫ 𝑒ି௬

భ

೙𝑑𝑦
∞

଴
when 𝑛 =

ଵ

ଶ
,  ቚ

ଵ

ଶ
=

ଵ
భ

మ

∫ 𝑒ି௬మ
𝑑𝑦 = 2 ቂ

ଵ

ଶ
√𝜋ቃ

∞
଴

] 

(c) ∫ ቀ𝑙𝑜𝑔
ଵ

௬
ቁ

௡ିଵ
𝑑𝑦

∞
଴

= |𝑛  

[Hint: |𝑛 = ∫ 𝑥௡ିଵ𝑒ି௫𝑑𝑥
ஶ

଴
 , substitute e-x by y, -e-x dx = dy,- x = log y, x = log 1/y. Then

 |𝑛 = − ∫ ቀ𝑙𝑜𝑔
ଵ

௬
ቁ

௡ିଵ
𝑦. 𝑑𝑦

଴

ଵ
] 

(d) ∫ 𝑆𝑖𝑛௣ 𝜃 𝐶𝑜𝑠௤ 𝜃
గ/ଶ

଴
=

ቀ
೛శభ

మ
ቁቀ

೜శభ

మ
ቁ

ଶቀ
೛శ೜శమ

మ
ቁ

  

[Hint: 𝐵(𝑚, 𝑛) = ∫ 𝑥௠ିଵ(1 − 𝑥)௡ିଵ𝑑𝑥
ଵ

଴
, put 𝑥 = 𝑆𝑖𝑛ଶ 𝜃 , 𝑑𝑥 = 2 𝑆𝑖𝑛 𝜃 𝐶𝑜𝑠 𝜃 𝑑𝜃 and 1 − 𝑥 = 1 −

𝑆𝑖𝑛ଶ 𝜃 = 𝐶𝑜𝑠ଶ 𝜃then 
/2

2 2 2 2

0

( , ) Sin Cos 2Sin Cosm nB m n d


       } 

Section B  (Double integrals and their applications)  

1. Find the area of the loop of the curve 𝒙𝟑 + 𝒚𝟑 = 𝟑𝒂𝒙𝒚. Also find the area bounded between 

the curve and its asymptote.                                                                          Ans: 𝟑𝐚𝟐

𝟐
 and 𝟑𝐚𝟐

𝟐
. 

2. Evaluate ∬ (xଶ + yଶ)
୅

dxdy  over the area A enclosed by the curves 𝑦 = 4𝑥, 𝑥 + 𝑦 = 3, 𝑦 =

0 and 𝑦 = 2.                                                                                                    Ans:  𝟗 𝟑𝟏

𝟒𝟖
 

3. Evaluate the following double integrals  

(i) ∫ ∫ 𝐞
𝐲

𝐱
𝐱𝟐

𝟎

𝟐

𝟎
𝐝𝐲𝐝𝐱         (ii) ∫ ∫ 𝐱𝟐ඥ𝟐𝐚𝐱ି𝐱𝟐

𝟎

𝟐𝐚

𝟎
𝐝𝐲𝐝𝐱                    

(iii) ∫ ∫
𝐱𝟐

ඥ𝐱𝟐ା𝐲𝟐

𝐚

𝐲

𝐚

𝟎
𝐝𝐲𝐝𝐱    
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(iv) ∫ ∫ (𝐱 + 𝐲)
𝟏

𝟎

𝟎

𝟏
𝐝𝐲𝐝𝐱                  (v) ∫ ∫ ඥ𝐚𝟐 − 𝐱𝟐 − 𝐲𝟐ඥ𝐚𝟐ି𝐲𝟐

𝟎

𝐚

𝟎
𝐝𝐲𝐝𝐱    

Ans: (i) 𝒆𝟐 − 𝟏 .(ii)𝟓𝛑𝐚𝟒

𝟖
 (iii)𝐚𝟑

𝟑
𝐥𝐨𝐠 (√𝟐 + 𝟏) (iv)-1 (v)  𝛑𝐚𝟑

𝟔
 

4. Show that ∫ ∫ (𝐱𝐲 + 𝐞𝐲)
𝟒

𝟑

𝟐

𝟏
𝐝𝐱𝐝𝐲   =∫ ∫ (𝐱𝐲 + 𝐞𝐲)

𝟐

𝟏

𝟒

𝟑
𝐝𝐲𝐝𝐱   

5.  Show that ∫ ∫ 𝐲
𝐲

𝟐
𝟎

𝟐

𝟏
𝐝𝐲 𝐝𝐱  =∫ ∫ 𝐱

𝐱

𝟐
𝟎

𝟐

𝟏
𝐝𝐱 𝐝𝐲  

6. Show that ∫ ∫
𝟏

ඥ{𝟏ି𝐱𝟐}{𝟏ି𝐲𝟐}

𝟏

𝟎

𝟏

𝟎
𝐝𝐲 𝐝𝐱  = ∫ ∫

𝟏

ඥ{𝟏ି𝐱𝟐}{𝟏ି𝐲𝟐}

𝟏

𝟎

𝟏

𝟎
𝐝𝐱𝐝𝐲   

7. Show that ∫ 𝐝𝐱
𝟏

𝟎 ∫
𝐱ି𝐲

(𝐱ା𝐲)𝟑 𝐝𝐲
𝟏

𝟎
≠ ∫ 𝐝𝐲

𝟏

𝟎 ∫
𝐱ି𝐲

(𝐱ା𝐲)𝟑 𝐝𝐱
𝟏

𝟎
 , also find the values of two integrals.    

Ans: 𝐿. 𝐻. 𝑆 =  
ଵ

ଶ
 , 𝑅. 𝐻. 𝑆 = − 

ଵ

ଶ
 Give a conclusion on the basis of the results in Q. 4 to 7. 

8. Evaluate ∬ (𝐱𝟐𝐲𝟐) 𝐝𝐱𝐝𝐲  over the region xଶ + yଶ ≤ 1.                                   Ans: 𝛑

𝟐𝟒
 

9. Evaluate ∬ (𝐱𝟐𝐲𝟐)
𝐀

𝐝𝐱𝐝𝐲  over the region A bounded by the curves 𝒙 = 𝟎, 𝒚 =

𝟎,  and  𝐱𝟐 + 𝐲𝟐 = 𝟏.                                                                                                Ans: 𝛑

𝟗𝟔
 

10. Evaluate ∬ rଶ dθdr  over the area of the circle 𝑟 = 𝑎 𝑐𝑜𝑠𝜃             Ans: ସୟయ

ଽ
  

11. Find by double integration the area lying inside the circle 𝑟 = 𝑎 𝑠𝑖𝑛𝜃 and outside the 

parabola 𝑟(1 + 𝑐𝑜𝑠𝜃) = 𝑎                                                                               Ans: (ଽ஠ାଵ଺)

ଵଶ
  

12. Change the order of the following double integrations:    

 (i) ∫ ∫ 𝐱𝐞
ష𝐱𝟐

𝐲
𝐱

𝟏

ஶ

𝟏
𝐝𝐲𝐝𝐱                                                            Ans: ∫ ∫ 𝐱𝐞

ష𝐱𝟐

𝐲
ஶ

𝐲

ஶ

𝟏
𝐝𝐱𝐝𝐲               

(ii) ∫ ∫ 𝐟(𝐱, 𝐲)
ඥ𝟐𝐚𝐱ି𝐱𝟐

𝟎

𝟐𝐚

𝟎
𝐝𝐲𝐝𝐱                                              Ans:  ∫ ∫ 𝐟(𝐱, 𝐲)

𝐚ାඥ𝐚𝟐ି𝐲𝟐

𝐚ିඥ𝐚𝟐ି𝐲𝟐

𝐚

𝟎
𝐝𝐱𝐝𝐲    

(iii) ∫ ∫ 𝐟(𝐱, 𝐲)𝐝𝐲
ඥ𝐚𝟐ି𝐱𝟐

𝐱𝐭𝐚𝐧𝛂

𝐚𝐜𝐨𝐬𝛂

𝟎
𝐝𝐱   Ans: ∫ ∫ 𝐟(𝐱, 𝐲)

𝐲𝐜𝐨𝐭𝛂

𝟎

𝐚𝐬𝐢𝐧𝛂

𝟎
𝐝𝐱𝐝𝐲 + ∫ ∫ 𝐟(𝐱, 𝐲)

ඥ𝐚𝟐ି𝐲𝟐

𝟎

𝐚

𝐚𝐬𝐢𝐧𝛂
𝐝𝐱 

𝐝𝐲   

(iv) ∫ ∫ 𝐟(𝐱, 𝐲)
𝐥𝐱

𝐦𝐱

𝐚

𝟎
𝐝𝐲𝐝𝐱                                       Ans: ∫ ∫ 𝐟(𝐱, 𝐲)

𝐲

𝐦
𝐲

𝐥

𝐚𝐦

𝟎
𝐝𝐱𝐝𝐲 +  ∫ ∫ 𝐟(𝐱, 𝐲)

𝐚
𝐲

𝐥

𝐚𝐥

𝐚𝐦
𝐝𝐱 

𝐝𝐲   

(v)∫ ∫ 𝐱𝐲
𝟐𝐚ି𝐱

𝐱𝟐

𝐚

𝐚

𝟎
𝐝𝐲𝐝𝐱                                             Ans: ∫ ∫ 𝐱𝐲

ඥ𝐚𝐲

𝟎

𝐚

𝟎
𝐝𝐱𝐝𝐲 +  ∫ ∫ 𝐱𝐲

𝟐𝐚ି𝐲

𝟎

𝟐𝐚

𝐚
𝐝𝐱 𝐝𝐲   

13.  Express as single integral and evaluate: ∫ ∫ 𝐱
𝐱

𝟎

𝐚

√𝟐

𝟎
𝐝𝐱𝐝𝐲 + ∫ ∫ 𝐱

ඥ𝐚𝟐ି𝐱𝟐

𝟎

𝐚
𝐚

√𝟐

𝐝𝐱𝐝𝐲   

Ans:   ∫ 𝐝𝐲 ∫ 𝐱
ඥ𝐚𝟐ି𝐲𝟐

𝐲

𝐚

√𝟐

𝟎
𝐝𝐱;           𝟓𝐚𝟑

𝟔√𝟐
 

14.  Convert into polar co-ordinates ∫ ∫ 𝐝𝐲𝐝𝐱
𝟐𝐚𝐱ି𝐱𝟐

𝟎

𝟐𝐚

𝟎
   Ans: ∫ ∫ 𝐫𝐝𝛉

𝟐𝒂𝒄𝒐𝒔𝜽

𝟎

𝛑

𝟐
𝟎

𝐝𝐫 

15.  Using transformation 𝒙 + 𝒚 = 𝒖, 𝒚 = 𝒗𝒖 show that ∫ ∫ 𝐞
𝐲

𝐱శ𝐲𝐝𝐲𝐝𝐱
𝟏ି𝐱

𝟎

𝟏

𝟎
=

𝐞ି𝟏

𝟐
 

16.  Using transformation 𝒙 − 𝒚 = 𝒖, 𝒙 + 𝒚 = 𝒗 show that∬ 𝐜𝐨𝐬
𝐱ି𝐲

𝐱ା𝐲𝐑
𝐝𝐱𝐝𝐲 = 𝐬𝐢𝐧𝟏

𝟐
 Where R 

is the region bounded by 𝒙 = 𝟎, 𝒚 = 𝟎, 𝒙 + 𝒚 = 𝟏. 
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17.  Find the whole area of the curve 𝐚𝟐𝐱𝟐 = 𝐲𝟑(𝟐𝐚 − 𝐲) by double integration. Ans: πaଶ 
18.  Find the area enclosed by the curve 𝐫 = 𝟑 + 𝟐𝐜𝐨𝐬𝛉  by double integration. Ans: 11π 
19.  Find the volume of the torus generated by revolving the circle 𝐱𝟐 + 𝐲𝟐 = 𝟒 about the 

line 𝑥 = 3.                                                                                                                                  Ans: 
24πଶ 

20.  Find the Center of gravity of the area bounded by the parabola 𝐲𝟐 = 𝐱 and the line 𝒙 +

𝒚 = 𝟐.                                                                                                        Ans: ( ଼
ହ

, −
ଵ

ଶ
 ) 

21.  Find the Center of gravity of the loop of the curve  𝒓𝟐 = 𝒂𝟐 𝒄𝒐𝒔𝟐𝜽.   Ans:( ஠ୟ√ଶ

଼
, 0)  

22.  Find the Center of gravity of an arc of  the curve  𝒙 = 𝒂(𝜽 + 𝒔𝒊𝒏𝜽),  
𝒚 = 𝒂(𝟏 − 𝒄𝒐𝒔𝜽)   in the positive quadrant.                                                     Ans: [𝑎(𝜋 −

ସ

ଷ
,

ଶୟ

ଷ
 ] 
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Tutorial-5  B.Tech.  Semester-I 
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Tutorial-06,  B. Tech Sem-I  17/11/2025 
 Jacobians         

1. If  𝑢 = 𝑥 + 𝑦 + 𝑧 + 𝑡, 𝑣 = 𝑥 + 𝑦 − 𝑧 − 𝑡, 𝑤 = 𝑥𝑦 − 𝑧𝑡, 𝑟 = 𝑥ଶ + 𝑦ଶ − 𝑧ଶ − 𝑡ଶ show that 
ப(୳,୴.୵,୰)

ப(୶,୷,୸,୲)
=

0 and hence find a relation between 𝑢, 𝑣, 𝑤 and 𝑟. Ans: 𝑢𝑣 =  𝑟 + 2𝑤 

2. Prove that the following functions are not independent. Find the relation between them  

(i) 𝑢 = 𝑥 + 𝑦 + 𝑧, 𝑣 = 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥, 𝑤 = 𝑥ଷ + 𝑦ଷ + 𝑧ଷ − 3𝑥𝑦𝑧 . Ans: uଷ = 3uv + w 

(ii) 𝑢 = 𝑥ଶ + 𝑦ଶ + 𝑧ଶ ,𝑣 = 𝑥 + 𝑦 + 𝑧,𝑤 = 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥.   Ans:  vଶ = u + 2w 

3.  If  𝑥, 𝑦, 𝑧 are connected by a functional relation 𝑓(𝑥, 𝑦, 𝑧) = 0, show that 
𝛛(𝐲,𝐳)

𝛛(𝐱,𝐳)
= ቀ

𝛛𝐲

𝛛𝐱
ቁ

𝐳ୀ𝐜𝐨𝐧𝐬𝐭𝐭.
. 

4. If λ, μ, ν are the roots of the equation in 𝑘, 
𝐱

𝐚ା𝐤
+

𝐲

𝐛ା𝐤
+

𝐳

𝐜ା𝐤
= 𝟏,  prove that 

𝛛(𝐱,𝐲,𝐳)

𝛛( 𝛌,𝛍,𝛎)
=

−
(𝛍ି𝛎)(𝛎ି𝛌)( 𝛌ି𝛍)

(𝐚ି𝐛)(𝐛ି𝐜)(𝐜ି𝐚)
. 

5.  If  𝒖 = 𝒙(𝟏 − 𝒓𝟐)
ష𝟏

𝟐 , 𝒗 = 𝒚(𝟏 − 𝒓𝟐)
ష𝟏

𝟐 , 𝒘 = 𝒛(𝟏 − 𝒓𝟐)
ష𝟏

𝟐 , where 𝐫𝟐 = 𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐 show 

that  
𝛛(𝐮,𝐯.𝐰)

𝛛(𝐱,𝐲,𝐳)
= (𝟏 − 𝒓𝟐)

ష𝟓

𝟐 . 

6. If  𝒖𝟑 = 𝒙𝒚𝒛,
𝟏

𝒗
=

𝟏

𝒙
+

𝟏

𝒚
+

𝟏

𝒛
, 𝒘𝟐 = 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐, show that 

𝛛(𝐮,𝐯.𝐰)

𝛛(𝐱,𝐲,𝐳)
= −

𝐯(𝐲ି𝐳)(𝐳ି𝐱)(𝐱ି𝐲)(𝒙ା𝒚ା𝒛)

𝟑𝐮𝟐 𝐰(𝒙𝒚ା𝒚𝒛ା𝒛𝒙)
. 

7. Find the Jacobian of 𝐲𝟏, 𝐲𝟐, 𝐲𝟑,, … . . , 𝐲𝐧 being given  𝐲𝟏 = 𝐱𝟏(𝟏 − 𝐱𝟐) , 𝐲𝟐 = 𝐱𝟏𝐱𝟐(𝟏 − 𝐱𝟑) ,…..,  

𝐲𝐧ି𝟏 = 𝐱𝟏𝐱𝟐……𝐱𝐧ି𝟏(𝟏 − 𝐱𝐧), 𝐲𝐧 = 𝐱𝟏𝐱𝟐……𝐱𝐧 find J(𝐲𝟏, 𝐲𝟐, . , 𝐲𝐧)  

{Hint: 𝐲𝟏+𝐲𝟐+𝐲𝟑, + ⋯ . . +𝐲𝐧 = 𝐱𝟏, Ans: 𝐱𝟏
𝐧ି𝟏𝐱𝟐

𝐧ି𝟐 … … 𝐱𝐧ି𝟏}. 

8. Find the Jacobian 
ப(୶,୷,୸)

ப(୳,୴.୵)
 being given 𝑥 = 𝑟𝑐𝑜𝑠𝜃 cos ϕ, 𝑦 = 𝑟 sin 𝜃√1 − 𝑚ଶ𝑠𝑖𝑛ଶ 𝜙, 𝑧 =

𝑟 sin 𝜙 ඥ(1 − 𝑛ଶ𝑠𝑖𝑛ଶ𝜃) where mଶ + nଶ = 1. {Hint:𝐫𝟐 = 𝐱𝟐 + 𝐲𝟐 +

𝐳𝟐 , Ans:
𝐫𝟐(𝒏𝟐𝒄𝒐𝒔𝟐𝜽ା𝒎𝟐𝒄𝒐𝒔𝟐𝛟)

ට൫𝟏ି𝒏𝟐𝒔𝒊𝒏𝟐𝜽൯൫𝟏ି𝒎𝟐𝒄𝒐𝒔𝟐𝛟൯

}. 

9. Prove that 𝐽Jᇱ=1 

10. If  𝑢 = 𝑥𝑦𝑧, 𝑣 = 𝑥 + 𝑦 − 𝑧, 𝑤 = 𝑥 + 𝑦 + 𝑧, Find 
ப(୶,୷,୸)

ப(୳,୴.୵)
  Ans: 

𝐱

𝟐(𝟐𝐱𝟐ି𝐲𝟐)
 

11. If  𝑓(0) = 0 and f ᇱ(x) =
ଵ

ଵା୶మ, prove without using the method of integration, that 𝑓(𝑥) +  𝑓(𝑦) 

=f(
୶ା୷

ଵି୶୷
).    {Hint: Let 𝑢= 𝑓(𝑥) +  𝑓(𝑦) and  𝑣 =

୶ା୷

ଵି୶୷
 the find J(u, v)} 
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Tutorial-8,  B. Tech. Sem-I, 
(Triple integrals and their application) 

Problem 1: Evaluate the triple integrals∫ ∫ ∫ 𝐞𝐳𝐱ା𝐲

𝟎

𝟏ି𝐱

𝟏

𝟏

𝟎
𝐝𝐳𝐝𝐲𝐝𝐱                 Ans: 

ଵ

ଶ
  

Problem 2: Evaluate∭(𝐱 + 𝐲 + 𝐳)𝟗𝐝𝐱𝐝𝐲𝐝𝐳  over the region bounded by 𝒙 ≥ 𝟎, 𝒚 ≥

𝟎, 𝒛 ≥ 𝟎, 𝒙 + 𝒚 + 𝒛 ≤ 𝟏.                                                                     Ans:  
𝟏

𝟐𝟒
  

Problem 3: Evaluate the following triple integrals  

(i) ∫ ∫ ∫ (𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐)
𝐚

ି𝐚

𝐛

ି𝐛

𝐜

ି𝐜
𝐝𝐳𝐝𝐲𝐝𝐱                    (ii) ∫ ∫ ∫ 𝐱

𝟏ି𝐱

𝟎

𝟏

𝐲𝟐

𝟏

𝟎
𝐝𝐳𝐝𝐱𝐝𝐲                    

(iii) ∫ ∫ ∫ 𝐞𝐱ା𝐲ା𝐳𝐱ା𝐥𝐨𝐠 𝐲

𝟎

𝐱

𝟎

𝐥𝐨𝐠 𝟐

𝟎
𝐝𝐳𝐝𝐲𝐝𝐱    

(iv) ∫ ∫ ∫ 𝐝𝐲𝐝𝐱𝐝𝐳
ඥ𝟒𝐳ି𝐱𝟐

𝟎

𝟐√𝐳

𝟎

𝟒

𝟎
                  (v) ∫ ∫ ∫ (𝟐𝐱 + 𝐲)𝐝𝐳𝐝𝐲𝐝𝐱

𝟒ି𝐱𝟐

𝟎

𝟐

𝟎

𝟐

𝟎
                   

                             Ans: (i) 
𝟖𝒂𝒃𝒄(𝒂𝟐ା𝒃𝟐ା𝒄𝟐)

𝟑
.(ii)

𝟒

𝟑𝟓
 (iii)

𝟖

𝟑
𝐥𝐨𝐠(𝟐) −

𝟏𝟗

𝟗
 (iv)8π (v)  

𝟖𝟎

𝟑
 

Problem 4: Evaluate the triple integral ∭ (𝐱 − 𝟐𝐲 + 𝐳)
𝐑

𝐝𝐱𝐝𝐲𝐝𝐳, where R is the 

region determined by 0≤ 𝒙 ≤ 𝟏, 0≤ 𝒚 ≤ 𝒙𝟐 𝐚𝐧𝐝  0≤ 𝒛 ≤ 𝒙 + 𝒚.                       

Ans: 
𝟐𝟗

𝟏𝟎𝟓
 

Problem 5: Find the volume of the region bounded by the surface 𝒚 = 𝒙𝟐, 𝒙 = 𝒚𝟐 and the 

planes 𝒛 = 𝟎, 𝒛 = 𝟑.                                                                       Ans:  𝟏 

Problem 6: Find the volume of the tetrahedron bounded by the co-ordinate planes and the 

plane 
𝒙

𝒂
+

𝒚

𝒃
+

𝒛

𝒄
= 𝟏. { Hint: ∫ ∫ ∫ 𝐝𝐳𝐝𝐲𝐝𝐱

𝐜(𝟏ି
𝒙

𝒂
ି

𝒚

𝒃
)

𝟎

𝐛(𝟏ି
𝐱

𝐚
)

𝟎

𝐚

𝟎
}       Ans:  

𝒂𝒃𝒄

𝟔
 

Problem 7: Find the volume common to the cylinder xଶ+yଶ = aଶ and xଶ+zଶ = aଶ. 

{ Hint: ∫ ∫ ∫ 𝐝𝐳𝐝𝐲𝐝𝐱
ඥ(𝐚𝟐ି𝐱𝟐)

ିඥ(𝐚𝟐ି𝐱𝟐)

ඥ(𝐚𝟐ି𝐱𝟐)

ିඥ(𝐚𝟐ି𝐱𝟐)

𝐚

ି𝐚
  }                 Ans:  

𝟏𝟔𝒂𝟑

𝟑
 

Problem 8: Find the mass of the tetrahedron bounded by the co-ordinate planes and the plane 
𝒙

𝒂
+

𝒚

𝒃
+

𝒛

𝒄
= 𝟏 the variable density 𝜌 = 𝑘𝑥𝑦𝑧 

{ Hint: ∫ ∫ ∫ 𝒌𝒙𝒚𝒛
𝐜(𝟏ି

𝒙

𝒂
ି

𝒚

𝒃
)

𝟎

𝐛(𝟏ି
𝐱

𝐚
)

𝟎

𝐚

𝟎
𝐝𝐳𝐝𝐲𝐝𝐱  }                 Ans:  

𝟐𝒌𝒂𝟑

𝟑
(𝟑√𝟑 −

𝝅

𝟑
) 

Problem 9: Find the moment of inertia of the solid about its major axes generated by 

revolving the ellipse  
𝐚

𝐫
=

𝟐ି𝐜𝐨𝐬𝛉

𝟐
  about minor axes. 
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Tutorial-9, B. Tech Sem-I 
 (Vector Calculus) 

Note: In this exercise bold face letters (say) F represents vector f⃗ and i,j,k represents unit 
vectors ı̂,ȷ̂,k෠ respectively.  

Problem1: Evaluate the following (i) ∇∙(rଷ𝐫)  (ii) ∇∙(r ∇(
ଵ

୰య
)) (iii) ∇ଶ (∇∙(r 

ଵ

୰మ
))(iv) grad 

Div( 
𝐫

୰
 )                                             Ans: (i)6rଷ, (ii)3rିସ, (iii)2rିସ, (iv) −

ଶ𝐫

୰య
 

Problem2:If A=  2yz i − xଶy j + xzଶk , B=  xଶi + yz j − xy k and φ=2xଶyzଷ , then find 
                (i) (𝑨 ∙ 𝜑) 𝑩 ;                      Ans:  

(ii) 𝑨 ∙ 𝛻𝜑 ;  
(iii) (𝑩 ∙  𝛻) 𝑨  ;   (iv) (𝑨 × ∇)𝜑;    (v) 𝑨 ×( 𝛻𝜑) 

Problem3: If A and B are differentiable vector functions, ϕ and φ are differentiable scalar                                         
functions of position (𝑥, 𝑦, 𝑧), then prove the following results: 

(i) 𝛻 ∙ ( 𝑨 +  𝑩) =  𝛻 ∙  𝑨 + 𝛻 ∙  𝑩 
(ii) 𝛻 ∙ ( 𝜑𝑨 ) =  𝜑 (𝛻 ∙  𝑨)  + 𝑨 ∙ 𝑨 × 
(iii) 𝛻 × ( 𝜑𝑨 ) =  𝜑( 𝛻 × 𝑨) + 𝑨 × 𝛻𝜑 
(iv) 𝛻 ∙ ( 𝑨 ×  𝑩) = 𝑩 ∙  (𝛻 × 𝑨) − 𝑨 ∙ (𝛻 × 𝑩) 
(v) 𝛻( 𝑨 ∙  𝑩) = (𝑩 ∙  𝛻) 𝑨 + (𝑨 ∙ 𝛻) 𝑩 + 𝑩 × (𝛻 × 𝑨) + 𝑨 × (𝛻 × 𝑩) 
(vi) 𝛻 × ( ∇𝜑 ) =0 

Problem4: Evaluate the grad. of  log|𝐫|         Ans: 
𝐫

୰మ
 

Problem5: Show that ∇𝜑 is a vector perpendicular to the surface 𝜑(𝑥, 𝑦, 𝑧)= constt. 
Problem6: Find the directional derivative of  𝜑(𝑥, 𝑦, 𝑧)=xଶyz + 4xzଶ at (1, −2, −1) in the 

direction 2𝑖 − 𝑗 − 2𝑘.                                                                              Ans:37/3 
Problem7:Prove that the vector A=  3yସzଶi + 4xଷzଶ j − 3xଶyଶk is solenoidal. 
Problem8: Prove following identities 

(i) Div(∇φ×∇ψ)=0 
(ii) If A and B are irrotational then A×B is solenoidal. 
(iii) ∇×(φ ∇Φ)=0 
(iv) Div ( f ∇g) = f ∇ଶg+∇f ∙ ∇g 

(v) b∙∇(a∙∇
ଵ

୰
) =

ଷ(𝐚∙𝐫)(𝐛∙𝐫)

୰ఱ
−

𝒂∙𝒃

௥య
 where a and b are constt. Vectors. 

(vi) 𝛻 ∙ (𝑈𝛻𝑉 − 𝑉∇𝑈)=U∇ଶ𝑈 − 𝑉 ∇ଶ𝑈 
(vii) 𝛻𝑟௡ = 𝑛𝑟௡ିଶ𝒓 

Problem9: (a) Prove that 𝑭 = (𝑦ଶ𝑐𝑜𝑠𝑥 + 𝑧ଷ)𝑖 + (2𝑦𝑠𝑖𝑛𝑥 − 4)𝑗 + (3𝑥𝑧ଶ + 2)𝑘 is a 
conservative force field. 

                 (b)Find the scalar potential for F.          Ans: (𝑦ଶ𝑠𝑖𝑛𝑥 + 𝑥𝑧ଷ − 4𝑦 + 2𝑧 + 𝑐) 
                (c)Find the work done in moving an object in this field from (0,1, −1) to (

஠

ଶ
, −1,2).        

Ans: 15+4π  
Problem10: Show that V=2xyz 𝑖 + (𝑥ଶ𝑧 + 2𝑦)𝑗 + 𝑥ଶ𝑦𝑘   is irrotational. Express V as 

gradient of a scalar function φ. 

Problem11: Evaluate∫ (10 xସ(ଶ,ଵ)

(଴,଴)
− 2xyଷ)dx − 3xଶyଶdy along the path xସ − 6xyଷ = 4yଶ 

                                                                                  Ans: 60. {Hint: Use Exact differential} 

Problem12: Use Green’s theorem to evaluate ∮ (𝑐𝑜𝑠𝑥 𝑠𝑖𝑛𝑦 − 𝑥𝑦)dx + sinx cosy
େ

dy ,where  

                      C ≡   𝐱𝟐 + 𝐲𝟐 = 𝟏.                                                                                      Ans: 0  . 

Problem13: Verify Green’s theorem in the plane for ∮ (xy + yଶ)
େ

dx + xଶdy ,where C is the 

closed curve of the region bdd. by the line 𝑦 = 𝑥 and curve 𝑦 = xଶ.                      
Problem14: Find the work done in moving a particle once around  a circle C in the xy-plane, 

if circle has center at the origin and radius 3, Force field is given by 𝑭 =
(2𝑥 − 𝑦 + 𝑧)𝑖 + (𝑥 + 𝑦 − 𝑧ଶ)𝑗 + (3𝑥 − 2𝑦 + 4𝑧)𝑘   Ans: 18π  
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Problem15: State and prove Green’s theorem.                                                              
Problem16:  Prove that the area bounded by a simple closed curve C is given by 

 
ଵ

ଶ
∮ xdy − ydx

େ
{Hint: Use  Green’s theorem } 

Problem16: Find the constants a,b,c such that V= (𝑥 + 2𝑦 + 𝑎𝑧)𝑖 + (𝑏𝑥 − 3𝑦 − 𝑧)𝑗 +
(4𝑥 + 𝑐𝑦 + 2𝑧)𝑘   is irrotational. Express V as gradient of a scalar function φ. 

Problem18: State  Green’s theorem and hence evaluate ∮ (cosy)dx + (x − xsiny)
େ

dy 

,where C is the closed curve    𝐱𝟐 + 𝐲𝟐 = 𝟏. 

Problem19: Use Green’s theorem to evaluate ∮ (𝑥ଶ + 𝑥𝑦)dx + (   xଶ + yଶ)
େ

dy ,where C is 
the square formed by the lines 𝑦 = ±1, 𝑥 = ±1. 

Problem20: Use Stoke’s theorem to evaluate ∮ (𝑥 + 2𝑦)dx + (x − z)
େ

dy + (y − z)dz ,where 
C is the boundary of the ∆ with the vertices (2,0,0),(0,3,0),(0,0,6) oriented in 
the anticlockwise direction. 

Problem21: Verify Stoke’s theorem for  F= xଶy k − y j + xzi  and S is the surface of the 
region bounded by 𝑥 = 0, 𝑦 = 0, 𝑧 = 0,2𝑥 + 𝑦 + 2𝑧 = 8, which is not included 
in the xz- plane . 

   Problem22: Evaluate   ∬ (∇ × 𝐅) ∙ n ෝ
ௌ

 ds   ,where F= y i + (x − 2xz) j − xy k  and S is the 

surface of the sphere 𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐 = 𝐚𝟐 above the  xy-plane.                            
Ans: Zero. 

  Problem23: Evaluate   ∬ 𝐅 ∙ n ෝ
ௌ

 ds   ,where F= 4xz i − yଶ j + yz k and S is the surface of 

the cube bounded by 𝑥 = 0, 𝑥 = 1, 𝑦 = 0, 𝑦 = 1, 𝑧 = 0, 𝑧 = 1.          Ans: 
ଷ

ଶ
. 

Problem24: If F= (xଶ + y − 4)i + 3xy j + (2xz + zଶ) k  ,evaluate   ∬ (∇ × 𝐅) ∙ n ෝ
ௌ

 ds   , 

and S is the surface of the sphere 𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐 = 𝟏𝟔 above the  xy-plane.                                    
Ans: −16𝜋 

Problem25: Evaluate ∬(yଶzଶi + xଶzଶ j + xଶyଶk) ∙ n ෝds ,where S is the part of the surface 
of the sphere 𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐 = 𝟏 above xy-plane.                                                          

Problem26: If V is the volume enclosed by the surface S,   Find the value of ∫ 𝐫
ୗ

∙ nො ds                                                                                      
Ans: 3V                                                                                                           

Problem27: State and prove Gauss Divergence theorm.                                                        
Problem28: Evaluate ∬(ax i + by j + cz k) ∙ n ෝds ,where S is the surface of the sphere 
                 𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐 = 𝟏. [P.U. 2004] 

Problem29: Evaluate   ∬ 𝐀 ∙ n ෝ
ௌ

 ds   ,where A= 18z i − 12 j + 3y k and S is the part of the 
plane 2𝑥 + 3𝑦 + 6𝑧 = 12 which is located in the first octant.        Ans: 24 

Problem30: Evaluate   ∬ 𝐀 ∙ n ෝ
ௌ

 ds   ,where A= z i + x j − 3yଶz k and S is the surface of the           

cylinder   𝐱𝟐 + 𝐲𝟐 = 𝟏𝟔 included in the first octant between 𝑧 = 0 and 𝑧 = 5.              
Ans: 90 

Problem 31:  Prove that (i) ∬
𝐫∙୬ෝ

୰మୗ
 ds=∭

ୢ୴

୰మ୚
 ;          (ii) ∬

୰ఱ∙୬ෝ

ୗ
 ds=∭ 5rଷ𝐫

୚
dv 

 (iii) ∬ (∇ × 𝐅) ∙ n ෝ
ௌ

 ds   =0 for any closed surface S. 

Problem 32: Use divergence theorem to evaluate   ∬ 𝐀 ∙ dsሬሬሬሬ⃗
ௌ

   ,where A= 4x i − 2yଶj + zଶk 

and S is the surface of the cylinder   𝐱𝟐 + 𝐲𝟐 = 𝟒 bdd. between 𝑧 = 0 and 𝑧 =
3.        

Problem 33: Verify Stoke’s theorem for F= (xଶ + yଶ) i − 2xy j taken around rectangle bdd. 
by the lines 𝑥 = ±𝑎; 𝑦 = 0, 𝑏. 


