Tutorial-7 B.Tech. Semester-I

Section A : Improper integrals, Beta & Gama function, and their properties
Q1l: Determine if each of the following integrals converge or diverge. If integral converges
Determine its value

1) fooo(l + 2x) e *dx 2. f_ow(l + 2x) e *dx [Hint: u =1+2x, v=—¢™
3) /-, 1012x x Hint: f10+2 dx = lln( 10+ 2x) + ¢
2 ax
4) 13\/ﬁdx Hlntf3 = dx—3(x —4)3+c
3
5) f_loo\/6—xdx Hlnt'f\/ —xdx=—§(6—x)5+c
oo 9 1
6 f, FemEmri: Hint: f(1 i X = G T €
‘_x Linx? =
7, ——5dx =5;n(x*=9) +c
o 6x3 3 1
8) f_w(x4+1)2 dx Hint: f 4+1)2 dx = st
4 1 1
9) fl x2+x 6dx Hint: fmd —Eln(X—Z)—ElTl(X+3)+C
1
0 ex . ex 1
10) [, —dx Hint: [—dx = —ex+c
Answers: 1. CONVERGES, VALUE =3 2, 3 . DIVERGES 4. CONVERGES, VALUE =
(3)°3 5. DIVERGES 6. CONVERGES, VALUE =1/125
7. DIVERGES 8. CONVERGES, VALUE =0 9. CONVERGES, VALUE =1

10. CONVERGES, VALUE =1
Beta & Gama function, and their properties

1 dx VmI(1/2)
11) Evaluate [, e ANS: ==
1 p+1|g+1
Z) = H . /2 = =
12)Prove that I (2) V. [Hint: In | 2 | 2 _2[ sin” 0Cos* 0d0° putp =g = 0]
prq+2 0
2

thenshowthatl’ mMr(d—-n) =

00 4 N—1
13) Giventhat | xl?dx

sinnm sm(nrc)

14)Show that |m |m +1i=

15) Evaluate in term of Beta function.

|2m where m is the integer.

22m 1

1 x ; : .
a) fo 1-x2 dx [Hint: Put x* = y] ANS:EB (1'5)
V . 1,011
b) fy or [Hint: Put x* = 9y] ANs: 6 (5.3)
1 xdx g 5 — 2B (3,2
f — [Hint: Put x> =y ] ANS: 5'3(5’2)
1 x%dx I 5 — 2B (5.2
d) fo N [Hint: Put x> =y ] ANS: 5B (5’2)
16) Evaluate
o 2 Ft — [ an—1,— =L ﬁ
Jop e dx [Hintn = [ x" e ™ dxtaken=] ANS: 3
b) f01 x*(1—x)%dx [Hin'ﬁfo1 x*(1-x)*dx = B(53) ] ANS: %
17) Evaluate
a)J, x(8 = x*)1/3 dx [Hint: Put x* = 8] ANS: S5



64

b)ﬁsin5 0 cos’/?  6d6 [Hint: put 2m-1 =5 and 2n-1 = %] ANS: ——

18) Prove that

B(m,n) = rr((mnjfn’;),m > 0,n > 0 [Hint: B(Lm) = [, x'~1(1 — )™ 'dx
T P
19) Show that ,B(m, n) = fO de
_— B T iad xm—1 d _ 1 xm-1 d o yxm-1 d
[Hint: (m,n)—fo rmymen 4% —fom x+f1 A+mymn x]
Prove that (a) fowe"‘yy”‘ldy = ,lc—’fl
[Hint: |n = [° x" e *dx, replace x by ky, so that dx = k dy, hence |n =
Jy ky)"~te™ . k.dy
T — < -k -1
|n - kn fo e yTl dy]
(b) E = [Hint: |n = fo'” x""le~*dx,replace x" by y, nx"! dx = dy

—_— oo N1 _yi dy
then |n= [ yme n—

NIP—‘I

— L _ —yl _ 1 _ 1 pee _yz _ 1
=[,ynen "_*_Zf e ndywhenn_g, =1, € dy_z[}‘/ﬂ]

n 2

[Hint: [n = fooo x""le™*dx , substitute e™* by y, -e™* dx = dy,- x = log y, x = log 1/y. Then

=1 (log2)" y.ay

pH1y g+l
(d) fon'/zsinp 0 COSq 0= %
2

[Hint: B(m,n) = folxm‘l(l —x)" ldx, put x = Sin?6,dx =2SinfCosfdfand 1 —x =1 —

/2

Sin? 6 = Cos? Othen B(m,n) = j Sin*"? @ Cos*" > §2Sin Cos HdH}
0

Section B (Double integrals and their applications)

1. Find the area of the loop of the curve x3 + y3 = 3axy. Also find the area bounded between

2 2
the curve and its asymptote. Ans: 3% and 3%
2. Evaluate ffA (x? + y%) dxdy over the area A enclosed by the curves y = 4x,x +y =3,y =
31
Oandy = 2. Ans: 95
3. Evaluate the following double integrals
. 2 x2 ¥ . 2a /2ax-x% _,
(i) J, J, exdydx (1) B Py A x* dydx

xZ
(iii) f, fyasz—Tyzdydx



. 0 -1 JaZ-y?
(iv) f, J, x+y)dydx W fy fy " Va2 —x2 —y?dydx
4 3 3
Ans: (i) €% — 1 (i (iii)3-log (VZ + 1) (iv)-1 (v) =
4. Show that flz f:(xy + e¥)dxdy = f: flz(xy + e¥) dydx
y x
5. Show that flz fozydy dx =f12 Jexdx dy

6.Showthatf f m y _f fom

7. Show that |, dxfl(x+;;3 dy # fo yfo o )3 dx, also find the values of two integrals.

Ans:L.H.S = E ,R.H.S = — E Give a conclusion on the basis of the results in Q. 4 to 7.

8. Evaluate [[ (x2y?)dxdy over the region x? + y? < 1. Ans: %

9. Evaluate [f, (x*y®)dxdy over the region A bounded by the curves x = 0,y =

0, and x? +y? = 1. Ans-%
3
10. Evaluate [[ r?d6dr over the area of the circle r = a cos6 Ans: 41

11. Find by double integration the area lying inside the circle r = a sin8 and outside the

. (9T+16)

parabola (1 + cosf) = a Ans: —

12. Change the order of the following double integrations:

—x2 —x2
(i) [, [ xev dydx Ans: [~ fooxeT dxdy
(i) 2 27 6(x, y) dydx Ans: [7 {25 (x,y) dxdy
(iii) f: o fxtana “f (x,y)dydx Ans: f: sine Jo YO f(x, y) dxdy + fasma f Y f(x,y) dx
dy
y
(iv) fi [ f(x,y) dydx Ans: [ [P f(x,y) dxdy + [ f;f(x, y) dx
1
dy
a r2a—-x a \/_ 2a-y
W, fz xydydx Ans: [/ fo Yxy dxdy + f f xy dx dy
13. Express as single integral and evaluate: ff f:xdxdy +[a Jo Aot x dxdy
7z
7 gy (VP 5a%
st [ °dy f Y x dx; < \/_
2ax—x>

14. Convert into polar co- ordlnatesf fo dydx Ans: foffozawsa rdo dr

1 ,1-x L -
15. Using transformation x + y = u,y = vu show that fo fo *extydydx = ez—l

16. Using transformation x —y = u,x + y = v show that[[, cos%dxdy = % Where R
is the region boundedbyx =0,y =0,x+y = 1.



17. Find the whole area of the curve a®?x? = y3(2a — y) by double integration. Ans: a?
18. Find the area enclosed by the curve r = 3 + 2c0s0 by double integration. Ans: 11T
19. Find the volume of the torus generated by revolving the circle x% + y% = 4 about the

line x = 3. Ans:
24m?

20. Find the Center of gravity of the area bounded by the parabola y? = x and the line x +
y = 2. Ans:(g,—%)

21. Find the Center of gravity of the loop of the curve % = a? cos26. Ans:( m:/i, 0)

22. Find the Center of gravity of an arc of the curve x = a(0 + sin@),

y = a(1 — cosB) in the positive quadrant. Ans: [a(m — %,23—;1]



10.

11.

12.

13.
14.

15.

Tutorial-5 B.Tech. Semester-I

Error, Approximations and Maxima and Minima

. Compute an approximate value of (1.04)*"" Ans: 1.12

. If u = 2%y?*/z, find the maximum percentage error in u if the percentage error

in z,y, z are 2,3 and 4 respectively. Ans: 17

. If the sides and angles of a plane triangle vary in such a way that its circum

T | LT 117 o that _da db de __ e ?
radius remains constant prove that % + -5 + ¢ = () where da,db and dc

are small increments in the sides a, b and ¢ respectively.

. Find the shortest distance from origin to the surface ryz? = 2. Ans: 2

. Find the dimensions of a rectangular box, with open top and given volume V, so

that the total surface area of the box is a minimum. Ans: Length=breadth=2
height=(21)13)

. Find the Minimum value of 2% + y* + 2% subject to 1/x + 1/y + 1/z =1

. Find the absolute extrema of f = 322+ 2y? — 4y in the region bounded by y = =2

and y = 4. Ans: Abs max= 28 at (£2,4); Abs. min= -2 at (0,1)

. Find Min f = 2% + 3 subject to  + y = 10. Ans: 50 at (5, 5)

. Find extremum of f = x + y + z subject to 22 + 3% + 22 = 12. Ans: Max

£(2,2,2) = 6, Min f(-2,—2,—2) = —6.

Find extrema of u = a’z? 4 b*y? + ¢?2? subject to 22 +y* +2? = 1 and lz +my +

nz = 0. Ans : The extremum can be obtained by the equation & + 2=+
2

T =0-

u—c?

Find the extrema of u = 2%2+y?+22 where az?+by’+c224+2fyz+2gzx+2hxy = 1.
Ans : The roots of .

Find the extreme values of f(z,y,z) = 2z + 3y + z subject to 22 + y? = 1 and
r+ z = 1. Ans with Hint: for Ay = -1, A\ = %f = 1 — 5v/2 while for
)‘AQ - —]_._./\1 = ——\7115,_)“: 1 +5\/§

Find the local extrema for the following functions:

f==222% 4227y — 11y* + 110z — 44y — 23 Ans: f = 120 is local min at (3,1)
f=2*+9y*—3zy Ans: f =—1is local min at (1,1); (0,0) is saddle point.

f=xy+ 2 + 3—: Ans: f =9 is local min at (3,1).



Tutorial-06, B. Tech Sem-1 17/11/2025
Jacobians

LIfu=x+y+z+t,v=x+y—z—t,w=xy—zt,r = x> + y? — z2 — t? show that

a(u,v.w r)

o(xyzb)
0 and hence find a relation between u, v, w and r. Ans: uv = r + 2w

2. Prove that the following functions are not independent. Find the relation between them
DHu=x+y+zv=xy+yz+zx,w=x3+y3+23-3xyz.  Ans:u® =3uv+w
() u=x*+y*+z2v=x+y+zw=xy+yz+2zx. Ans: v =u+ 2w

3. If x,y,z are connected by a functional relation f(x,y,z) = 0, show that =——— 02 ( ) .
0(xz) 0%/ 7=constt
oxyz) _

= 1, prove that ——= hmy) T

. . X y
4. If A, y, v are the roots of the equation in k, P + wt o

_ (== (A-w
(a=b)(b—c)(c-a)’

-1 -1 -1
5. fu=x(1-r)z,v=y1-1r>)2,w=1z(1-1%)72,where r? = x? + y? + z% show

-5
that a(“'v"")) = (1-12)z.

I(xyz

6. If ud=xyz>=2+2+2 w2 =x2 +y2 4 22 show that 2229 — _ v(y—z)gz—x)(x—y)(x+y +2)
v x y z a(xy,z) 3u” w(xy+yz+zx)

7. Find the Jacobian of y;,¥2,¥3, ....., ¥n being given y; = X1(1 —X3) , ¥2 = X1X2(1 — X3) yeeeeny

Vo1 = X1X2eeeees Xp—1(1 —X3)s ¥ = X1X32e00ees X, find J(¥1,¥2, -, Vn)

n-1,, n-2

{Hint: y;+y,+y3 + .. +yn = X1, Ans: X" X" 7% L Xpn_1}

8. Find the Jacobian (( 2 bemg given x = rcosf cos ¢, y = rsin §vV1 —m?sin? ¢, z =

rsin ¢ /(1 — n?sin?0) where m? + n? = 1. {Hintr? = x% + y? +

200202 2,02
ZZ . Ans: r“(n“cos“60+m-cos“¢) .
J(l—nzsinza)(l—mzcosztb)
9. Prove that J]'=1

a( YZ) . X
10. Ifu—xyzv—x+y—ZW—X+Y+ZFmd w) " 2(2x%-y2)
11.If f(0) =0 and f'(x) = T2 brove without usmg the method of integration, that f(x) + f(y)

X+y

—f(l_xy). {Hint: Let u—f(x) + f(y)and v = 1_—Xy the find J(u, v)}



Tutorial-8, B. Tech. Sem-I,
(Triple integrals and their application)

1 ,1- + 1
Problem 1: Evaluate the triple integrals fo fl * ) (;( Y ez dzdydx Ans: 5

Problem 2: Evaluate [[[ (X +y + 2)?dxdydz over the region bounded by x > 0,y >
0,z=20,x+y+z<1. Ans:i

Problem 3: Evaluate the following triple integrals

oS (P (?e2 w2 g2 oo (101 (1-x
W[, [, x*+y*+2z*) dzdydx (i) J, fyz Jo  xdzdxdy
eeon lOg2 1

(iii) foog f;( f(;( TIOBY ex+y+z qzdydx

@) [ 27 4 dydxdz QYN f:"‘z(2x + y)dzdydx

8abc(a’+b?+c?
3

Ans: (i) ).(ii)% (i) log(2) — 5 (iv)8m (v) =

Problem 4: Evaluate the triple integral []] fR (x — 2y + z) dxdydz, where R is the

region  determined by 0<x<1, 0<y<x%and I<z<x+y.

29

Ans: —
105

Problem 5: Find the volume of the region bounded by the surface y = x%x = yz and the
planesz = 0,z = 3. Ans: 1
Problem 6: Find the volume of the tetrahedron bounded by the co-ordinate planes and the

Y
fc(l <% dzdydx}  Ans: aTbc

X,y ,z _ . . ra b(l—g)
plane;+;+;—1.{Hlnt.f0f 0

1]

Problem 7: Find the volume common to the cylinder X2+y2 = a% and x?+z2 = a2.

a2 —XZ) J(aZ_XZ

: JC )
{ Hint: f_aa Ik St e dzdydx } Ans

Problem 8: Find the mass of the tetrahedron bounded by the co-ordinate planes and the plane

. 16a°

E + % + % = 1 the variable density p = kxyz

. . ra cb(1-) c(1—§—%) . 2ka® m
{Hint: [ [[° = [, kxyz dzdydx } Ans: = (3V3 3
Problem 9: Find the moment of inertia of the solid about its major axes generated by
revolving the ellipse % = Z_CZOSB about minor axes.

10



Tutorial-9, B. Tech Sem-I
(Vector Calculus)

Note: In this exercise bold face letters (say) F represents vector fand 1,,k represents unit
vectors 1,j.k respectively.
Problem1: Evaluate the following (i) V-(r3r) (ii) V-(r V(r%)) (iii) V2 (V-(r riz))(iv) grad

Div(-) Ans: ()6r3, (i3r~*, (iii)2r ™, (iv) — 2
Problem2:If A= 2yzi— x%yj + xz?k , B= x%i + yzj — xy k and ¢=2x2yz? , then find
D) (A-p)B; Ans:
(i) AV

(i) (B- V) A ;5 (iv) (AxV)g; (V)AX(Ve)
Problem3: If A and B are differentiable vector functions, ¢ and ¢ are differentiable scalar
functions of position (x, y, z), then prove the following results:
Ov-(A+B)=V-A+V-B
) V-(pA)=@(V-A) +A-AX
(iii) VX(pA)= (VXA +AXVgp
(iv) V-(AXB)=B- (VxA)—A-(VXB)
(v) V(A-B)=B-V)A+((A-V)B+Bx((VxA)+Ax(VxXB)
(vi) VX (Ve) =0
Problem4: Evaluate the grad. of log|r| Ans: riz

Problem5: Show that V¢ is a vector perpendicular to the surface ¢ (x, y, z)= constt.
Problem6: Find the directional derivative of ¢(x,y,z)=x?yz + 4xz* at (1, —2,—1) in the
direction 2i — j — 2k. Ans:37/3

Problem7:Prove that the vector A= 3y*z2i 4+ 4x3z2 j — 3x%y?Kk is solenoidal.
Problem8: Prove following identities

(1) Div(VxV{)=0

(i)  If A and B are irrotational then AXB is solenoidal.

(iii)  VX(p VP)=0

(iv)  Div (fVg)=fV2g+Vf-Vg

) b-V(a-V%) :@ — L;;: where a and b are constt. Vectors.

(vi) V- (UVV —VVU)=UV2U —V V2U
(vii) Vr"=nr"?r
Problem9: (a) Prove that F = (y2cosx + z3)i + (2ysinx — 4)j + (3xz% + 2)k is a
conservative force field.

(b)Find the scalar potential for F. Ans: (y%sinx + xz3 — 4y + 2z + ¢)
(c)Find the work done in moving an object in this field from (0,1, —1) to (g, -1,2).
Ans: 15+4m

Problem10: Show that V=2xyz i + (x?z + 2y)j + x%yk is irrotational. Express V as
gradient of a scalar function .
@1

Problem11: Evaluatef(o’o) (10 x* — 2xy3®)dx — 3x%y?dy along the path x* — 6xy> = 4y?
Ans: 60. {Hint: Use Exact differential}

Problem12: Use Green’s theorem to evaluate gﬁc (cosx siny — xy)dx + sinx cosy dy ,where

= x’+y?=1. Ans: 0 .
Problem13: Verify Green’s theorem in the plane for gﬁc (xy + y?) dx + x2dy ,where C is the

closed curve of the region bdd. by the line y = x and curve y = x2.

Problem14: Find the work done in moving a particle once around a circle C in the xy-plane,
if circle has center at the origin and radius 3, Force field is given by F =
2x—y+2)i+ (x+y—2z2)j+ (Bx—2y+4z)k Ans: 18w

11



Problem15: State and prove Green’s theorem.
Problem16: Prove that the area bounded by a simple closed curve C is given by

%gﬁc xdy — ydx{Hint: Use Green’s theorem }
Problem16: Find the constants a,b,c such that V= (x + 2y + az)i + (bx — 3y — z)j +
(4x + cy + 2z)k s irrotational. Express V as gradient of a scalar function .
Problem18: State Green’s theorem and hence evaluate gﬁc (cosy)dx + (x — xsiny) dy
,where C is the closed curve x? +y% = 1.
Problem19: Use Green’s theorem to evaluate §. (x® + xy)dx + ( x* +y?) dy ,where C is
the square formed by the lines y = +1,x = 1.
Problem20: Use Stoke’s theorem to evaluate _(ﬁc (x + 2y)dx + (x —z) dy + (y — z)dz ,where

C is the boundary of the A with the vertices (2,0,0),(0,3,0),(0,0,6) oriented in
the anticlockwise direction.

Problem21: Verify Stoke’s theorem for F=x?yk —yj + xzi and S is the surface of the
region bounded by x = 0,y = 0,z = 0,2x + y + 2z = 8, which is not included
in the xz- plane .

Problem22: Evaluate [[; (VX F)-fi ds ,where F=yi+ (x —2xz)j—xyk and S is the

surface of the sphere x% + y2 + z% = a? above the xy-plane.

Ans: Zero.
Problem23: Evaluate |, s F- i ds ,where F=4xzi—y?j+ yzkand S is the surface of
the cube boundedby x =0,x =1,y =0,y =1,z=0,z = 1. Ans: ;

Problem24: If F= (x* +y — 4)i + 3xy j + (2xz + z*) k ,evaluate [[. (VXF) @ ds ,
and S is the surface of the sphere x? + y? + z2 = 16 above the xy-plane.
Ans: —16m
Problem25: Evaluate [[(y?z%i + x?z% j + x?y?k) - fids ,where S is the part of the surface
of the sphere x? + y? + z2 = 1 above xy-plane.
Problem26: If V is the volume enclosed by the surface S, Find the value of fs r-fids
Ans: 3V
Problem27: State and prove Gauss Divergence theorm.
Problem28: Evaluate [[(axi+ by j+ czk) - i ds ,where S is the surface of the sphere
x% +y% +2z% = 1. [P.U. 2004]
Problem29: Evaluate [f. A-fl ds ,where A=18zi— 12j+ 3y kand S is the part of the
plane 2x + 3y + 6z = 12 which is located in the first octant. Ans: 24
Problem30: Evaluate | s A i ds ,where A=zi+ xj— 3y?zkandS is the surface of the

cylinder x% + y? = 16 included in the first octant between z = 0 and z = 5.
Ans: 90

Problem 31: Prove that (i) [f, "2 ds=[ff, &; (i) [f, == ds=[ff, Srirdv
(iii) ff; (VX F)-fi ds =0 for any closed surface S.

Problem 32: Use divergence theorem to evaluate [ A- ds ,where A= 4xi— 2y?%j + z?k

and S is the surface of the cylinder x? + y? = 4 bdd. between z = 0 and z =
3.
Problem 33: Verify Stoke’s theorem for F= (x? + y?) i — 2xy j taken around rectangle bdd.
by the lines x = +a;y = 0, b.

12



